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Abstract. Let H be a complex Hilbert space, B(H) be the set of bounded linear operators 
on H , 1 < n < oo, A — C B(H) be commutative, and <fr A be the completely positive map 

which is defined by <S> A : B{H) — > B(H) : B i — > J2 T * BT i "■ 

i 

(1) . If X^ILi TiF? — I in strong operator topology, then the fixed points set B(H)® A of 
is A! , that is 

n 

B(Hf A ={Be B{H)\<S> A {B) = TiBT* = B} = A'. 

i=l 

(2) . If F = J27=iTiT? < I, then the fixed points set B(H)^^ of A> A «s P F {{l})A', where 
P F is the spectral measure of F , that is 

n 

B(H)** = {Be B(H)\<P A (B) = ^2 TiBT* = B} = P F {{1})A'. 

i=l 

In this paper, by using the spectral theory, we present a direct proof for A = C {^4 G 

B{H) : < A < 1} case. 
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1 Introduction 

Let H be a complex Hilbert space, B(H) be the set of bounded linear operators on H, 
£(H) be the set of {A £ 13(H) : < A < I}. Each element of £ (H) is said to be a quantum 
effect, the set £(H) has some nice physical meanings ([1]). Let A = {Tj}™ =1 C B(H) and 
TiT* converge in the strong operator topology, where 1 < n < oo. Then the map 

8=1 
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(E^ : B(H) — > B(H) ■ B i — > Yl AiBA* defines a completely positive map. The famous 

i=l 

Choi's theorem showed that if H is a finite dimensional complex Hilbert space, then 
each completely positive map is just the form ([2]). If ^TiT* < I, then the sequence 

i 

A = {Ti}^ =1 is called a row contraction ([3-4]) and the completely positive map $^4 is said 
to be a quantum operation ([5]). If $>jy is a quantum operation and for each 1 < i < n, 
Ti £ £(H), then <I>_4 is said to be a Liiders operation ([5-6]). The completely positive maps 
theory has a great number of applications in quantum probability theory and quantum 
information theory ([7-19]). Now, we denote B(H)® A to be the fixed points set of <£.4, 
and A' to be the commutant of A, that is, B(H)® A = {B £ B(H) \ $a(B) = B}, 

n 

A' = {B £ B(H) I BTi = TiB,l < i < n}. It is clear that if £ A { A* = I, then 

A! C B(H)' i ' A . If B is a fixed point of the quantum operation in physics, it implies 
that B is not disturbed by the action of $.4. So, studying the structure of B{H)® A is an 
important project in quantum information theory ([5, 14-17]). 

In [5, 14], it was proven that if H is a finite dimensional complex Hilbert space and 

n 

TjT* = I, then B{H f A = A'. In general, B(H)^ A / A'. For example, in [5], Arias, 

i=i 

Gheonda and Gudder presented a nice example showed that for n = 5, the conclusion is 
not true even when { J 4j}f =1 C £{H). However, we can apply Theorem 3.1 in [3] to show 
the following nice result: 

Theorem 1.1 Let H be a complex Hilbert space, 1 < n < 00, A = {Tj}™ =1 C 
B{H) be commutative, and $_4 be the completely positive map which is defined by 
$4 : B{H) — > B{H) :B^J2 T { BT* . 

i 

(1) . If Yli=i TiT* = I in strong operator topology, then the fixed points set B{H)® A 
of $a is A'. 

(2) . If F = J27=i TjT* < I, then the fixed points set B(H)** of 3> A is P F {{1})A', 
where P F is the spectral measure of F. 

In this paper, by using the spectral theory, we present a direct proof for A = 
{T,}™ =1 C £{H) case. 
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2 Element lemmas 



Let 1 < n < oo and A = {Ei}f =1 C £(H) be commutative. Firstly, for each Ei, 1 < i < n, 
we have the spectral representation theorem: 

l 

Ei = J MF^\ 
o 

where {-F^Iagr is the identity resolution of Ei satisfying that {-F^Iagr is right contin- 

(i) (i) 

uous in the strong operator topology and = if A < and F^ = I if A > \\Ei\\, 
moreover, for each A € R, F^ = P Ei (— oo,A], where P El is the spectral measure of Ei 
([20]). Now, for fixed integers m, k\, k 2 , ■ ■ ■ , k n , we denote 

pm = pEiM kx + l pEn k n k n + 1 
ku-,k n K m > m J \ m i m J- 

Since i% and £j are commutative for any i, j = 1,2, ■ ■ ■ , n, so i 7 ^ fcn is a well-defined 
orthogonal projection operator. 

Lemma 2.1. Let 1 < n < oo, A = {-E«}™ =1 C £{H) be commutative and i? € 
B{H). If for any integers m and Aii , fe2 , ■ ■ ■ , & n , -B commutes with i 7 ^... fcn , then B is 
commutative with each Ei in A = {Ei}f =1 . 

Proof. For each rational number q = j, where p, I are integers. If j < 0, then 
F^ = 0, if ? > 1, then = /. Let I > p > 0, so < ? < 1. Then = 

T 7 T 

0] + P Ei (0, j] + ■ ■ ■ + P^i^r-, f ], thus, we can prove easily that 



F f _ E( F ki,-,kJ- 



So, for each rational number q = j, commutes with B, note that {P^}ask is right 
continuous in the strong operator topology, so B commutes with each Ei, i = 1, 2, • • • , n. 

Lemma 2.2. Let 1 < n < oo, A = {Ei}f =1 C be commutative and 5 G B(H). 

If -B does not commute with some Ei in A, then there are integers m, k\, k 2 , ■ ■ ■ ,k n and 
k[, k' 2 , - • • , k' n , such that fcj / /c^ for at least one i and Fj£ k2 ... kn BF' k , L k , fc/ / 0. 

Proof. Without of losing generality, we suppose that B does not commute with 
Ei. By Lemma 2.1, there are integers m and ki,k 2 ,--- ,k n such that Fj£ k2 ... k ^B ^ 

rpm RF m nr BF m =^ F m R P™ Tf R -/ 

&n /ci ,/C2 ,"' ,fcn /ci ,/^2 , ■ ■ ■ ' fcl ,/^2 , ■ ■ ■ /ci ,/C2 , ■ ■ ■ " ,&2 , ' ' ' ' 

^fci fe2 ■■■ k n ^^klk 2 ■■■ fc„> * nen there exists integers /c^, k' 2 , - ■ ■ , fc^, fcj / /c^ for at least one 



i such that F^ ^ ... kn BFy k , fe/ / 0. In fact, if not, we will get that 

pm -q _ \ ^ BF m - BF m 

This is a contradiction. Similarly, if BF™^...^ + F% M> ... , k BF™ M ... ^ we will also 
get the same conclusion. The lemma is proven. 

Moreover, we have a stronger conclusion in the following. 

Lemma 2.3. Let A G and -B G B{H). If does not commute with A, then 

there exists integer m, with |fc — j| > 2 such that 

mm mm 

Proof. By lemma 2.2, we can find ki + ji such that C = P A {^, ^]BP A (%, ^±i] + 
0. If \k\ — ji| > 2, then we get the m, k,j satisfy the lemma. If j\ = &i + L we replace 
m by 2m and let fc 2 = 2fci , j 2 = 2ji . Then 

pA M fci + 1 jjA/ fc 2 A: 2 + l | pA fc 2 + l fc 2 + 2 
m' m 2m' 2m 2m ' 2m ' 

p A/ii Ji + i j _ pA/ h J2_+i, +P A,h+l ^ 2 + 2 i 

m' m 2m' 2m 2m ' 2m 

Now we consider fc 2 , fc 2 + 1 and j 2 , j 2 + 1, if we still can not take \k — j\ > 2 satisfy 
the conclusion, then 

pA{ h_ J^ ]B pA { h_ h+l ] = 

K 2m 2m J V 2m' 2m J 

p A ( ^2_ k2 + 1 \BP A ( j2 + 1 j2 + 2 1 = n 
l 2m' 2m J 1 2m ' 2m J 

v 2m 2m J v 2m ' 2m J 
So we have C = P A ( k -^, ^^(fe, 

Keep on this way, then we will find the integers k,j which satisfy the conclu- 
sion or we get a sequence {pi,Pi + l,2* _1 m}^ 1 such that pi + 1 = 2 % ~ l j\ and C = 
P A ( 2 i-\ , 1" — ] -B-P 4 ( , 2 h^ ]. If the first case happens, then we proved the lemma. 
If the second case happens, note that 



i=l 



i=i 

and 

oo 

Hi 

'2* i m 2* i m m 



Q ( _Pi_ Pi+1 ]= rili 



i=l 
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so lim P A (^k~ , jg+L] = and lim P a (t|!^,7|!^] = in strong operator 



i— >oo 



topology, thus, 



in strong operator topology ([33]). But for each positive integer i, 



,A ( Pi Pi + 1 ]Bp A ( Pi + 1 Pi + 2 ] 



so we get that C = 0, this is a contradiction and the lemma is proved in this case. 

If k± + 1 = ji, we just need to take all the above calculations in adjoint and inter- 
change the index j and k. The proof is similar, thus, we proved the lemma. 

Lemma 2.4. Let 1 < n < oo, A = {^}" =1 C 8{H) be commutative and Ya=i E i < 
/. If X € B(H) is not commutative with E\, then there exists positive integer m such 
that for each positive integer p, there exist projection operators P,Q€ A', PQ = 0, 
Y = PXQ / 0, and 

\\ Y \\ - II$aOOII > P 2 - ^\fnmp - 2n 



\\Y\\ ~ 2(pm) 2 

Proof. Since X does not commute with E\, it follows from Lemma 2.3 that there 
exists integers m,kj such that \k - j\ > 2 and P El (£, ^}XP El ^±i] / 0. Note 
that 

pE k_ k + 1 E £ + l V F^... k XF? k ,... k ,, 

Tfl Tfl Tfl Tfl J J ^^2, An J,K 2 ---,K n ; 

so there exist k, k2, • ■ ■ , k n and j, k' 2 , ■ ■ ■ ,k' n such that \k — j\ > 2 and 

Let P = F^ k2 _ kn , Q = Fj? k > ki n , Y = P XQ . Then P and Q are projection 
operators and Po,Qo G -4,', PoQo = 0, Yq = PqXQq / 0. Moreover, for each i = 
1, 2, ■ ■ ■ , n, if we denote &i = k, k[ = j, then 

< ll^.p^/fci *i±i]|||iy; j,!! \\pEifK K+1] E A\ 

— n t \m' m Jllll wnii Vm' m J l " 



< fei±l||y |iM+ 1 



(1) 



m ii u n m 

m m 



\\Yol 



Thus, we have 



n n n , , , n , , , 

E w,n < E ii^o^ii < (E + E ^ + (2) 

i=i i=i i=i i=i 
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n 

?2 



Since £ E 2 < I and 



i=i 



k,k2,— ,k n \ i—d^i) r k,k2,---,k n k,k2,--- ,k n Z-j J - J i 

i=l i=l 

A it 2 

— r k,k 2 ,--- ,k„ m 1 k,k2,--- ,k„ 

i=l 

n ^2 
«=1 



n n 

so, we have ^ fcf < m 2 . Similarly, we have also ^ /c^ 2 < m 2 . Moreover, note that 
i=i i=i 

2m 2 (l-E^"E^-^) = m 2 +m 2 -2E^^-2E(^ + ^)-2n 

j=l i=l i=l i=l 

> t^ + tK 2 -ithK-2±(k l + k[) 

i=l i=l i=l i=l 

n n 

= Y.ih-K) 2 -2Y,(h + K)-2n 

i=l i=l 
n 

i=i 

n n n n 

and (J2 k i) 2 < n (E *i) < nm2 > (E fc D 2 < n (E M 2 ) < nm2 > we have 
j=i i=i i=i j=i 

2m 2 (l-X;^-E^-4)>0-- fc ) 2 - 4 v^--2n. 
z — ' m z m z m z 

i=i i=i 

On the other hand, it follows from 

n n 

\\Y Q \\ - WY^EiYoEiW > \\Yo\\ - Y, \\EiYoEi\\ 
i=i i=i 

> [i - (E h A + E + 4)]ii y oii 

^ to 2 ^ m 2 to 2 

i=l i=l 



and (5) that 

Ijjojj ~ ll<M*o)ll (j ~ fc) 2 ~ 4y^m - 2n 
||Y || " 2m 2 

For each positive integer p, we replace m with pm. Note that 

y o= E E ^.•••,^o^ a ..,y B ^0. 

so there exist si, S2, ■ ■ ■ ,s n and s' l5 s' 2 , ■ ■ ■ ,s' n such that 

Y = FP m . s Y F*T „ / 0. 



6 



Thus, it is easily to prove that |<^<^±i a ndg<^<^±i. Note that 
fei = k, k[ = j and |^| > ^, we have 

n Sl ~ s 'n\ >» n^ 1 + 1 ~ k i n >» 1 / 

> > 1/m, 

to 

thus 

II si - sill > p. 
By the similar analysis methods as (5), we get 

n , n i 

Wd - g ^ - g ^ - > t - 4^.P - 2,, (6, 

On the other hand, we also have 

n n 

\\Y\\ - W^EiYEiW > \\Y\\ - \\EiYEi\\ 

i=l i=l 

^-<E^+E^ + ^)iimi. 

Let P = F'i™ 2 ... tSn P and Q = QoF^ 71 , , . Then it is clear that P,Q £ A', 



PQ = 0, Y = PXQ + 0, and 



E|| - ||$4(y)|| > p 2 -4^im-2n 



\\Y\\ 2{pm) 2 
The lemma is proved. 

It follows from the proof of Lemma 2.4 that we have the following important con- 
clusion: 

Corollary 2.1. Let 1 < n < oo, A = {Ei}f =l C £{H) be commutative and 
Y17=i Ef < I. If X £ B(H) and there exist integers to, k,j with \k — j\ > 2 such that 



pEl { k_ ^ k+l ]XP ^ (A, 1+1] 0, 



mm mm 

then for each positive integer p, there exist projection operators P,Q G .A', = 0, 
y = PXQ / 0, and 

11*11 - 11^(^)11 > P 2 ~ ^Vnmp - 2n 



\Y\\ " 2(pm)< 
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3 Proofs 



First, we prove that if 1 < n < oo, A = {Ei}f =1 C £{H) is commutative and X^=i ^? = ^ 
in strong operator topology, then the fixed points set B{H)^ A of <3>^4 is A'. 

In fact, since A' C B(H)^ A , in order to prove the converse containing relation, we 
suppose that -B 6 B{H)® A \ A'. Without of losing generality, we can suppose that B is 
not commutative with E\. By Lemma 2.3, there is a triple integer set {m,j, k} such that 
\k-j\ > 2 and P E U±- kkl] B P E Ui- ,2+1] ^ 0. 

For each positive integer q < n, let F g = X)i=i ^? and : ^(-^0 be 
defined by = Y11=i EiAE; L . Then F g — > I in strong operator topology and & q is a 

completely positive map. If denote P q = P F<J ((1 — 1]), then P q — > I in strong operator 
topology (see [21, P 248 ]). Now we show that P q P El (^, ^r]BP El {^ 3 ^}P q = 0. In fact, 
if not, note that 

pE k_ ^ k+i, ppEl ,k_ i k±i ]B pE 1 ,j_ i i+i ]P pE 1 ,j_ i 

mm mm mm mm 

= P q P El ( — , t±l]BP*{l ^l]P q * 0, 

mm mm 
so, by Corollary 2.1 that for each positive integer p, there exist projection operators P 
and Q, P,Q G A', PQ = 0, such that 

Y = PP q P E ^ (-, ttl] B P E U±, ttl]p n 
mm mm 

= Pq pp*(]L t !i+l ]B p*(L t i±L ]QP -l o, 

mm mm 



and 



l^ll " 11*5(5011 > P 2 -^mp-2q 



Since 



||r|| ~ 2{pmf 

p 2 — A^fqmp — 2q 1 



2(pm) 2 2m 2 
as p — > oo. So we can choose Y such that 

||y|| - \\* q (Y)\\ > 3 



||Y|| - 8m 2 ' 

Note that P q Ei = EiP q and P q Y = YP q for each 1 < i < n, Ai = {P q Ei}™ =q+1 decides a 
Liiders operation , and 

n n ^ 1 

ii^iii = ii E = n p «( E E i) p i\\ = \\p q (i-Y,E 2 )p q \\ < 

i=q+l i=q+l i=l 
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so we have 



n 

ii^onii = \\® q {Y)+ e ^^11 

i=g+l 

= 11**00+ £ ^p,yp,^ || 

i=g+l 
n 

< 11^(^)11 + 11 E P^yPiPJ (7) 

i=g+l 

= IIWII + II^OOII 

< (1-8^)11^11 + 4^11^11 
= (1-87^)11^11- 

On the other hand, we show that Y = P q PP El (£, ^]PP £l (£, ^]QP y G 
In fact, note that {P„ P, P^ (A, Ml], p^i (i Q} c A' and $^(P) = P, so we have 

^(y) = £pyp* = ^^p ? pp^(^,^±i]pp £ H-,^]Q^ 

mm mm 

i=i i=i 

= PP p* { ± t !l±l ] (£ Ei BE i )P*{ii±±]QP q 
mm ^— ' mm 

%=i 



= P g PP^(-, — ]<M^(-, ^]QP g 

mm mm 

= P ppE H l j 'l±l ]B pE 1{ L 7 i±l ] Qp Y . 
mm mm 

This contradicts (7) and so P a P El (^, *±±}BP El (i-, 3 —]P Q = 0. Note that 

p£ k + i E j_ i + i = lim PP E 1{ ^ k±± ]BP E 1{ i i+A ]p 

mm mm g^oo mm mm 

in strong operator topology ([33]), so 

P El (— , ^±l]BP E i(A 5 J+il = o. 
mm mm 

This contradicts P £l (£, ^lSP^f^, ^]/0. SofiG A'. 

lit lit J * lit lib J 



Next, we prove that if 1 < n < oo, „4 = {Pj}™ =1 C £{H) is commutative and 
P = E™ =1 Ef < I, then the fixed points set B(H)* A of $ A is P F {1}„4'. 

In fact, if denote P = P^jl}, by the spectral representation theorem ([20]), we have 
PF = FP = P. Let B £ B(H)® A . Then by the above section analysis methods, we 
have B € A'. Let Q = I — P and = P F (0, 1 — ^]. Then Qk — > Q in strong operator 
topology and Qk G .4.', so QfcP G B(H)® A . Let be the completely positive map which 
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is decided by {EiQ k }f =v Then ||$ fc || < 1 - \. Note that B,Q k G A' and Q\ = Q k , 
thus we have ||Q fc B|| = \\$ A (Q k B)\\ = \\<!> k (Q k B)\\ < (1 - £)||Q fc B||, so Q fc P = 0. Note 
that QB = lim Q^P in strong operator topology, so QB = 0, that is, (I — P)B = 0, 
i.e., 5 = PP, this showed that B(H)^ A C P.A'. If B e note that P e .A', so 

PB = BP = B. Moreover, $ A {B) = BF = PBF = BPF = BP = B, that is, 
B G B(H)® A , thus we have PA' C B{H)® A and the proofs are completed. 
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